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1. Introduction
The nuclear operators between Banach spaces appeared in [5] when the
author studied an infinite dimensional extension of the Malgrange theorem on
existence and approximation of solutions for convolution equations (see also
[7]). The concept of nuclear multilinear operators was extended and studied
in [8]. For other related results we mention [9] and [10]. Matos [9] studied
virtually (r; r1, . . . , rn)-nuclear n-linear operators from X1 × · · · × Xn into
Y , and proved that, if the spaces X∗k ’s (k = 1, . . . , n) have the λk-bounded
approximation property; then for r, r1, . . . , rn ∈ [1,+∞[ the topological dual
of the space of these operators, endowed with a natural linear topology, is
isomorphic isometrically to the space of all absolutely (r′, r′1, . . . , r
′
n)-summing
operators from X∗1 × · · · ×X∗n into Y ∗ with 1r +
1






r, rk and s ∈ [1,+∞] , k = 1, . . . , n.
In [3] Cerna established the definition of (r; r1, . . . , rn; s)-nuclear multilin-
ear operators, which are the natural generalization of the concept of (r, p, s)-
nuclear linear operator introduced by Lapresté [6] (see also [11]).
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Motivated by these ideas and developments, in this paper we introduce
and study the virtually (r; r1, . . . , rn; s)-nuclear n-linear operators and we will
prove a relation between the topological dual of virtually (r; r1, . . . , rn; s)-




tors [2]. As a consequence we get the same result between the topological dual
of the space of (r; r1, . . . , rn; s)-nuclear n-linear operators from X1 × · · · ×Xn




ators from X∗1 × · · · ×X∗n into Y ∗ [1], for r, rk and s ∈ [1,+∞] , k = 1, . . . , n.
The definitions and notations used in this paper are, in general, standard.
Let n ∈ N. As usual, an element j from Nn will be represented by (j1, . . . , jn)
with jk ∈ N and k = 1, . . . , n. We also consider the finite families (yj)j∈Nnm of
elements of a Banach space with Nm = {1, . . . ,m}. If n = 1, we omit Nn in
the preceding notations. Let X1, . . . , Xn;Y be Banach spaces over K (either
C or R). The space of all continuous n-linear operators T : X1 × · · · × Xn




∥∥T (x1, . . . , xn)∥∥ .
We recall that a n-linear mappings T ∈ L (X1, . . . , Xn;Y ) is said to be of






i × · · · × φni bi,
where λi ∈ K, φki ∈ X∗k , k = 1, . . . , n, bi ∈ Y , i = 1, . . . ,m. We denote
by Lf (X1, . . . , Xn;Y ) the vector subspace of L (X1, . . . , Xn;Y ) of all n-linear
mappings of finite type.
If r ∈ ]0,+∞[, we denote by lr (Y ;Nn) or (lr (Nn) ; if Y = K) , the vector








We observe that ∥·∥r is a norm (r-norm, if r < 1) on lr (Y ;Nn) and defines
a complete metrizable linear topology on it. We denote by l∞ (Y ;Nn) (or
l∞ (Nn), if Y = K) the Banach space of all bounded families (yj)j∈Nn of
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elements of Y , with the norm∥∥∥(yj)j∈Nn∥∥∥∞ = supj∈Nn ∥yj∥ .




is denoted by c0 (Y ;Nn) (or c0 (Nn), if Y = K).
If 0 < s ≤ ∞, we will write lwr (Y ;Nn) (or lwr (Nn), if Y = K) for the vector
space of all families (yj)j∈Nn of elements of Y such that









where Y ∗ denotes the topological dual of Y .
It is well-known that for 1 ≤ s <∞ and (φj)j∈Nn ∈ lws (Y ∗;Nnm), we have





















, with t ∈ ]0, 1] .
An operator T ∈ L(X;Y ) is (r; p; s)-nuclear (see, e.g., [6, 11]) if it has a




λixi ⊗ yi, (1)
with (λi)i ∈ lr, if r <∞ (or (λi)i ∈ c0, if r = +∞), (xi)i ∈ lwp (X∗) and (yi)i ∈
lws (Y ). The vector space of all such operators is denoted by N(r;p;s) (X;Y ) and
it is a complete metrizable topological vector space under the t-norm




where the infimum is taken over all representations of T as in (1).
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The definition of the virtually (r; r1, . . . , rn)-nuclear operators below was
first given in [9].









+ · · ·+ 1
r′n
.
Definition 1.1. An operator T ∈ L (X1, . . . , Xn;Y ) is said to be virtu-






j1 × · · · × ϕ
n
jnbj (2)
with (λj)j∈Nn ∈ lr (N
n), if r < ∞ (or (λj)j∈Nn ∈ c0 (N






k) , for k = 1, . . . , n and (bj)j∈Nn ∈ l∞ (Y ;N
n) .
The vector space of these operators is denoted by L(r;r1,...,rn)V N (X1, . . . , Xn;Y )
and we consider on it the tn-norm









where the infimum is taken over all representations of T as in (2).
The notion of absolutely (r; r1, . . . , rn; s)-summing multilinear operators
was introduced by the first author in [1].
Definition 1.2. For 0 < r, r1, . . . , rn < ∞ and 0 < s ≤ ∞ with 1r ≤
1
r1
+· · ·+ 1rn +
1
s , an n-linear operator T ∈ L(X1, . . . , Xn;Y ) is (r; r1, . . . , rn; s)-
summing if there is a constant C > 0 such that for any xk1, . . . , x
k
m ∈ Xk,
(1 ≤ k ≤ n), and any φ1, . . . , φm ∈ Y ∗, we have(
m∑
i=1













We denote the vector space of these operators by Las,(r;r1,...,rn;s)(X1, . . . ,




which defines a norm (r-norm if r < 1) on Las,(r;r1,...,rn;s) (X1, . . . , Xn;Y ).
The following multilinear generalization of (r; r1, . . . , rn; s)-summing oper-
ators was recently introduced by Bernardino et al. in [2].
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Definition 1.3. Let n ∈ N, r, s, r1, . . . , rn ≥ 1 and X1, . . . , Xn, Y be
Banach spaces. A continuous multilinear operator T : X1 × · · · ×Xn −→ Y is
multiple (r; r1, . . . , rn; s)-summing if there is a C > 0 such that∑
j∈Nnm
∣∣∣φj (T (x1j1 , . . . , xnjn)) ∣∣∣r














1, . . . , x
k
m ∈ Xk, k = 1, . . . , n and (φj)j∈Nnm ∈
lws (Y
∗;Nnm) .
We denote by L(r;r1,...,rn;s)mas (X1, . . . , Xn;Y ) the vector space of these oper-
ators. The smallest C satisfying the above inequality defines a norm (r-norm
if r < 1) on L(r;r1,...,rn;s)mas (X1, . . . , Xn;Y ); it is denoted by ∥T∥mas(r;r1,...,rn;s).
Remark 1.4. By choosing (s = ∞) in Definition 1.3, we obtain the defini-
tion of fully (or multiple) (r; r1, . . . , rn)-summing n-linear operators presented
in [9].
We also need the definition of the (r; r1, . . . , rn; s)-nuclear n-linear opera-
tors. The ideal of (r; r1, . . . , rn; s)-nuclear operators was introduced by Cerna
[3] (see also [4]).
Definition 1.5. For 0 < r ≤ ∞, 1 ≤ s, r1, . . . , rn ≤ ∞, such that
1 ≤ 1r +
1
r′1
+ · · · + 1r′n +
1
s′ , T ∈ L (X1, . . . , Xn;Y ) is called (r; r1, . . . , rn; s)-






i × · · · × ϕni bi, (3)






(X∗k) for k = 1, . . . , n and (bi)i∈N ∈ lws′ (Y ). The set of (r; r1, . . . , rn; s)-
nuclear operators satisfying the definition is a vector space and is denoted by
N(r;r1,...,rn;s) (X1, . . . , Xn;Y ) . Considering that








where the infimum is taken over all possible representations of T described in















240 d. achour, a. belacel
2. Virtually (r; r1, . . . , rn; s)-nuclear n-linear operators





+ · · ·+ 1r′n +
1
s′ .
Definition 2.1. An operator T ∈ L (X1, . . . , Xn;Y ) is said to be vir-
tually (r; r1, . . . , rn; s)-nuclear if there are (λj)j∈Nn ∈ lr (N
n), if r < ∞ (or
(λj)j∈Nn ∈ c0 (N

















j1 × · · · × ϕ
n
jnbj . (4)
We denote the vector space of all such operators by L(r;r1,...,rn;s)V N (X1, . . . ,
Xn;Y ), with the tn-norm









where the infimum is taken over all representations of T as in (4). This
tn-normed space is a complete metrizable topological vector space.
Remarks 2.2. (a) By choosing s′ = ∞ in Definition 2.1, we obtain virtually
(r; r1, . . . , rn)-nuclear n-linear operators presented in Definition 1.1.
(b) We have N(r;r1,...,rn;s) (X1, . . . , Xn;Y ) ⊂ L
(r;r1,...,rm;s)
V N (X1, . . . , Xn;Y ) and
∥T∥ ≤ ∥T∥V N,(r;r1,...,rn;s) ≤ N(r;r1,...,rn;s) (T ) ,
for every T is in N(r;r1,...,rn;s) (X1, . . . , Xn;Y ) .






j1 × · · · × ϕ
n
jnbj . (5)
It is clear that we have a tn-norm on Lf (X1, . . . , Xn;Y ) defined by









where the infimum is taken over all finite representations of T as in (5).
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The next result collects some elementary facts about virtually (r; r1, . . . ,
rn; s)-nuclear n-linear operators.
Proposition 2.3. (i) The vector space L
f
(X1, . . . , Xn;Y ) of the contin-
uous n-linear operators of finite type is dense in L(r;r1,...,rn;s)V N (X1, . . . , Xn;Y ) .
(ii) Ideal property: If E1, . . . , En, and Y0 are Banach spaces and T ∈
L (X1, . . . , Xn;Y ), Sk ∈ L (Ek, Xk), k = 1, . . . , n, and R ∈ L (Y, Y0) with
T virtually (r; r1, . . . , rn; s)-nuclear, then R ◦ T ◦ (S1, . . . , Sn) is virtually
(r; r1, . . . , rn; s)-nuclear and
∥∥R ◦ T ◦ (S1, . . . , Sn)∥∥V N,(r;r1,...,rn;s) ≤ ∥R∥ ∥T∥V N,(r;r1,...,rn;s) n∏
k=1
∥Sk∥ .
(iii) T ∈ L (X1, . . . , Xn;Y ) is virtually (r; r1, . . . , rn; s)-nuclear if and only
there are bounded linear operators Ak ∈ L(Xk; lr′k), k = 1, . . . , n, B ∈
L (l1 (Nn) ;Y ) and (λj)j∈Nn ∈ lr (N
n), if r < ∞ (or (λj)j∈Nn ∈ c0 (N
n), if
r = +∞), such that
T = B ◦ D(λj)j∈Nn ◦ (A1, . . . , An) ,
where D(λj)j∈Nn : lr′1 × · · · × lr′n −→ l1 (N













· · · ξnjn)j∈Nn for (ξ
1
j1
)∞j1=1 ∈ lr′1 , is a virtually (r; r1, . . . , rn; s)-
nuclear with ∥∥∥D(λj)j∈Nn∥∥∥V N,(r;r1,...,rn;s) =
∥∥∥(λj)j∈Nn∥∥∥r .
In this case





where the infimum is taken over all such factorizations.
3. Duality
The natural question is to find out when we have
∥T∥V N,(r;r1,...,rn;s) = ∥T∥V Nf ,(r;r1,...,rn;s) ,
for each T ∈ Lf (X1, . . . , Xn;Y ).
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Of course we have
∥T∥V N,(r;r1,...,rn;s) ≤ ∥T∥V Nf ,(r;r1,...,rn;s) .
Below we will see that the reverse implication holds to be true for some
certain Banach spaces Xk’s (k = 1, . . . , n). We start with finite dimensional
spaces Xk’s. The following theorem can be proved as in [9, Proposition 4.6].
Theorem 3.1. If the spaces Xk (k = 1, . . . , n) are finite dimensional vec-
tor spaces, then
∥T∥V Nf ,(r;r1,...,rn;s) ≤ ∥T∥V N,(r;r1,...,rn;s) ,
for every T ∈ Lf (X1, . . . , Xn;Y ).
As in [9, Proposition 4.8], we get the following, which extends Theorem
3.1 to infinite dimensional Banach spaces with the λ-bounded approximation
property (λ-BAP, for short).
Proposition 3.2. If the spaces X∗k ’s (k = 1, . . . , n) have the λk-BAP,
then
∥T∥V N,(r;r1,...,rn;s) ≥ ∥T∥V Nf ,(r;r1,...,rn;s) ,
for all T ∈ Lf (X1, . . . , Xn;Y ).
Proof. We consider Tk ∈ L
(












x1, . . . , xk−1, xk, xk+1, . . . , xn
)
,
for xk ∈ Xk, k = 1, . . . , n.
Since X∗k has the λk-bounded approximation property for some λk > 0,
given ϵ > 0, we can find Sk ∈ Lf (Dk, Xk) , such that Tk = Tk ◦ Sk and
∥Sk∥ ≤ (1 + ϵ)λk. Hence, for all xk ∈ Xk, for k = 1, . . . , n, we have
T
(








x1, . . . , xk−1, xk, xk+1, . . . , xn
)
.
Now, we can write
T
(
x1, . . . , xn
)
= T ◦ (S1, . . . , Sn)
(
x1, . . . , xn
)
, ∀xk ∈ Xk, k = 1, . . . , n.
If Jk denotes the natural injection from Sk (Dk) into Xk, we can write
Sk = Jk ◦ S̃k
(
S̃k ∈ Lf (Dk, Sk (Dk))
)
, with
∥∥S̃k∥∥ = ∥Sk∥ . Therefore we can
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say that T ◦ (J1, . . . , Jn) ∈ Lf ((S1 (D1) , . . . , Sn (Dn)) ;Y ). By Theorem 3.1
and Proposition 2.3 (ii) we have


































≤ (1 + ϵ) ∥T∥V N,(r;r1,...,rn;s) .














≤ ϵ ∥T∥V N,(r;r1,...,rn;s) .
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Since ϵ > 0 is arbitrary we have
∥T∥V Nf ,(r;r1,...,rn;s) ≤ ∥T∥V N,(r;r1,...,rn;s) ,
and this proves the theorem.
For Banach spaces with λ-bounded approximation property, Proposition
3.2 can be seen as a generalization of a result obtained by B. Cerna [4,
Lemma 2.1].
Now, we also give another generalization of [4, Lemma 2.1].
Proposition 3.3. Let T : X1 × · · · ×Xn −→ Ls (Ω, µ) be defined by
T
(
















+· · ·+ 1r′n . Then, ∥T∥V Nf ,(∞;r1,...,rn;s)=∥T∥V N,(∞;r1,...,rn;s)=∥T∥.
Proof. It is clear that for 1s =
1
r′1
+ · · ·+ 1r′n , we have
∥T∥ ≤ ∥T∥V N,(∞;r1,...,rn;s) ≤ ∥T∥V Nf ,(∞;r1,...,rn;s) .
Moreover,
∥T∥
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We will show that ∥ξi∥ ≤ 1 andMi < +∞ for i = 1, . . . , n. From the definition
of Mi for a fixed i and for ϵ > 0 we have









∥ξi∥ < (1 + ϵ) , for all ϵ > 0.















































⟩∣∣∣∣∣∣ ≤ ∥φ∥ ∥z∥ . (8)












where k0 is a fixed num-
ber belongs to {1, . . . , f (m,n)} , and f (m,n) ∈ N.Moreover, as a consequence
of the Hahn-Banach theorem there exists φ such that ∥φ∥ = 1d , ⟨φ, x⟩ = 0 for






= 1, where d = infx∈M
∥∥∥x− bk0
2k0/s
∥∥∥ and further one
can choose λk0 such that
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|λk0 | = max
k=1,...,f(m,n)
|λk| =
∥∥∥(λj)j∈Nn∥∥∥∞ ; where j = (j1, . . . , jn) .
Taking into account these last relations in equation (8) we can get,






∈M , then for a given ϵ > 0, we have







Therefore, from (9) we get
























and since ak =
1
2k/s









From the last relation and the equation (10) we obtain
(1 + ϵ) (1 + ϵ̃) ∥z∥ >
∥∥∥(λj)j∈Nn∥∥∥∞ ∥∥∥(bj)j∈Nn∥∥∥w,s′ for all ϵ and ϵ̃ > 0. (11)






≥ ∥T∥V Nf ,(∞;r1,...,rn;s) .
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We will prove a new link between the topological dual of virtually
(r; r1, . . . , rn; s)-nuclear n-linear operators and multiple (r




ming operators. The proof of the next theorem is similar to the proof of
Theorem 7.3.1 in [10]. We included the detailed proof here for completeness.
Theorem 3.4. If the spaces X∗k ’s (k = 1, . . . , n) have the λk- BAP, then






mas (X∗1 , . . . , X
∗
n;Y
∗), for r, rk ∈ [1,+∞[, k = 1, . . . , n through the
mapping B define by
B(Ψ)
(




ϕ1 × · · · × ϕnb
)
,
for all b ∈ Y , ϕk ∈ X∗k , k = 1, . . . , n and Ψ ∈
(
L(r;r1,...,rn;s)V N (X1, . . . , Xn;Y )
)∗
.
Proof. It is easy to see that the correspondence
Ψ∈
(




















ϕ1 × · · · × ϕnb
)
, ϕk ∈ X∗k , k = 1, . . . , n and b ∈ Y,





mas (X∗1 , . . . ,
X∗n;Y
∗) and consider the linear functional ΨT on the space
(
Lf (X1, . . . ,



















j1 × · · · × φ
n
jnbj .
Hence, by Hölder’s inequality and Definition 1.3 it follows that
|ΨT (S)| ≤
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This shows that
|ΨT (S)| ≤ ∥T∥mas(r′;r′1,...,r′n;s′) ∥S∥V Nf ,(r;r1,...,rn;s) ,
for all S ∈ Lf (X1, . . . , Xn;Y ) .
Since on Lf (X1, . . . , Xn;Y ), under our hypothesis for X1, . . . , Xn, we have
∥·∥V Nf ,(r;r1,...,rn;s) = ∥·∥V N,(r;r1,...,rn;s) ,
we conclude that ΨT is continuous on Lf (X1, . . . , Xn;Y ) for ∥·∥V N,(r;r1,...,rn;s)
and
∥ΨT ∥ ≤ ∥T∥mas(r′;r′1,...,r′n;s′) .
By Proposition 2.3 (i), Lf (X1, . . . , Xn;Y ) is dense in L
(r;r1,...,rn;s)
V N (X1,
. . . , Xn;Y ). Hence we can extend ΨT to a continuous functional Ψ̃T on
L(r;r1,...,rn;s)V N (X1, . . . , Xn;Y ) in a unique way, with∥∥∥Ψ̃T∥∥∥ ≤ ∥T∥mas(r′;r′1,...,r′n;s′) .
Finally we note that B(Ψ̃T ) = T .
To show the reverse inequality let Ψ ∈
(
L(r;r1,...,rn;s)V N (X1, . . . , Xn;Y )
)∗
and consider the corresponding n-linear mapping B(Ψ) ∈ L (X∗1 , . . . , X∗n;Y ∗),
defined by B(Ψ)
(




ϕ1 × · · · × ϕnb
)
, for ϕk ∈ X∗k , k =
1, . . . , n and b ∈ Y. Let us consider n ∈ N and φkjk ∈ X
∗
k , for k = 1, . . . , n, and
(bj)j∈Nnm











∣∣∣B (Ψ) (φ1j1 , . . . , φnjn) (bj) ∣∣∣
Now we can choose αj , |αj | = 1, j ∈ Nnm such that∑
j∈Nnm
λj
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∥B (Ψ)∥mas(r′;r′1,...,r′n;s′) ≤ ∥Ψ∥ .
If we replace Nn by N and s′ by ∞ in Theorem 3.4, we obtain the following
known cases.
Corollary 3.5. If the spaces X∗k ’s (k = 1, . . . , n) have the λk- bounded
approximation property, then
(i) The topological dual of N(r;r1,...,rn;s) (X1, . . . , Xn;Y ) is isometrically
isomorphic to Las,(r′;r′1,...,r′n;s′) (X
∗
1 , . . . , X
∗
n;Y
∗), for r, rk and s ∈ [1,+∞],
k = 1, . . . , n through the mapping B (Ψ) given as follows:
B (Ψ)
(




ϕ1 × · · · × ϕnb
)
,
where Ψ is in the topological dual of N(r;r1,...,rn;s) (X1, . . . , Xn;Y ), ϕk ∈ X∗k ,
k = 1, . . . , n and b ∈ Y .
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